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Induced Two-Crossed Modules 

U. E. Arslan, Z. Arvasi and G. Onarli 



Abstract 

We introduce the notion of an induced 2-crossed module, which ex- 
tends the notion of an induced crossed module (Brown and Higgins). 

Introduction 
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■^ ■ Induced crossed modules were defined by Brown and Higgins [2] and studied 

r~| ! further in paper by Brown and Wensley [H [S] . This is looked at in detail in a 

book by Brown, Higgins and Sivera |3]. Induced crossed modules allow detailed 
computations of non-Abelian information on second relative groups. 

To obtain analogous result in dimension 2, we make essential use of a 2- 
crossed module defined by Conduche [6j. 
CN ■ A major aim of this paper is to introduce induced 2-crossed modules 

> 

: {04L),0, (Af),g, 92,^1 } 

04 ' which can be used in applications of the 3-dimensional Van Kampen Theorem. 

'"nT I The method of Brown and Higgins [2] is generalized to give results on 

t~^ ■ {0* (L) ,(/>* (A/) ,Q,92,9i} . However; Brown, Higgins and Sivera [3] indicate 

^^ , a bifibration from crossed squares, so leading to the notion of induced crossed 

square, which is relevant to a triadic Hurewicz theorem in dimension 3. 

■^ ■ 1 Preliminaries 

t^ i Throughout this paper all actions will be left. The right actions in some refer- 

ences will be rewrite by using left actions. 

1.1 Crossed Modules 

Crossed modules of groups were initially defined by Whitehead [HI [12] as models 
for (homotopy) 2- types. We recall from [9^ the definition of crossed modules of 
groups. 

A crossed module, {M, P, d), consists of groups M and P with a left action 
of P on M, written (p, m) i— )■ ^m and a group homomorphism d : M ^f P 
satisfying the following conditions: 

CMl) d{Pm)=pd{m)p-^ and CM2) ^'^'^'^ n = mnrnT^ 
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for p € P,m,n G M. We say that 9 : i\/ — > P is a pre-crossed module, if it is 
satisfies CMl. 

If {M,P,d) and {M' , P' , d') are crossed modules, a morphism, 

{^l,v)■.{M,p,^)^{M',p\^'), 

of crossed modules consists of group homomorphisms n : M ^ M' and rj : P ^ P' 
such that 

(i) -qd — d'n and (ii) fj. (^m) = '^'-^' fj. (m) 

for all p e P, TO G M. 

Crossed modules and their morphisms form a category, of course. It will 
usually be denoted by XMod. We also get obviously a category PXMod of pre- 
crossed modules. 

There is, for a fixed group P, a subcategory XMod/P of XMod, which has 
as objects those crossed modules with P as the "base" , i.e., all (Af , P, d) for this 
fixed P, and having as morphisms from {M,P,d) to (M',P',9') those (yU,7y) in 
XMod in which 77 : P ^> P' is the identity homomorphism on P. 

Some standart examples of crossed modules are: 

(i) normal subgroup crossed modules (i : N ^ P) where i is an inclusion of 
a normal subgroup, and the action is given by conjugation; 

(ii) automorphism crossed modules (x : M — ?> Aut{M)) in which 

(x^Ti) (n) — mnrrf ; 

(iii) Abelian crossed modules 1 : M — )► P where M is a P-module; 

(iv) central extension crossed modules d : M ^- P where d is an epimorphism 
with kernel contained in the center of M. 

Induced crossed modules were defined by Brown and Higgins in [2] and 
studied further in papers by Brown and Wensley [4j [5] . 

We recall from [3] below a presentation of the induced crossed module which 
is helpful for the calculation of colimits. 

1.2 Fullback Crossed Modules 

Definition 1 Let (p : P ^ Q he a homomorphism of groups and let TV — {N, Q, v) 
be a crossed module. We define a subgroup 

riN)^NxQP= {in,p) I v{n) = 0(p)} 

of the product N x P. This is usually pullback in the category of groups. There 
is a commutative diagram 

V V 

P — 1-^Q 
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where v : {n,p) i-^ p, (/) : {n,p) i—> n. Then P acts on (j)*{N) via (j) and the 
diagonal, i.e. p {n,p) — {'^^P 'n,p'pp'^^). It is easy to see that this gives a p- 
action. Since 

{n,p){ni,pi){n,py^ = (nnin^'^^ppip^^) 
- {'''''P'>ni,ppip-^^ 



v{n,p) 



{ni,Pi) 



we get a crossed module (f)*{J\f) ~ {(j)* (N) , P, v) which is called the pullback 
crossed module of J\f along (j). This construction satisfies a universal property, 
analogous to that of the pullback of groups. To state it, we use also the morphism 
of crossed modules 

{4>,^):4>*{N)^N. 

Theorem 2 For any crossed module Ad — (M, P, fi) and any morphism of 
crossed modules 

there is a unique morphism of crossed P -modules h' : A4 ^ (j)*{J\f) such that 
the following diagram commutes 




This can he expressed functorially: 

(j)*: XMod/g ^ XMod/P 
which is a pullback functor. This functor has a left adjoint 

(j)^: XMod/P -^ XMod/Q 

which gives a induced crossed module as follows. 



1.3 Induced Crossed Modules 

Definition 3 For any crossed P-module A4 — {M, P, fi) and any homomor- 
phism (j) : P ^f Q the crossed module induced by (f> from ii should be given 
by: 

{i) a crossed Q-module (f>^ (Ai) — ((/>* {M),Q,<p,:^), 

[a) a morphism of crossed modules (/, 0) : A^ — > 0, (-^) ■, satisfying the 
dual universal property that for any morphism of crossed modules 

{h,<P):M^M 
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there is a unique morphism of crossed Q-modules h' : (j),:{A4) -^ N such that the 
diagram 




commutes. 

Now we briefly explain this from Brown and Higgins, P] as follows, (see also 

my 

Proposition 4 Let fi : M —> P be a crossed P-module and let (p : P ^t Q he a 
morphism of groups. Then the induced crossed Q-module (p^ (M) is generated, 
as a group, by the set M x Q with defining relations 

(i) {mi,q){m2,q) ^ {mim,2,q), 

(ii) {Pm,q) = {m,q<j){p)), 

(Hi) {mi,qi){m2,q2){mi,qiy^ = {m2,qicj)n{mi)q^^q2) 

for m, mi, 7712 G M, q,qi,q2 ^ Q and p ^ P. 

The morphism (|).^,^ : (j)^,{M) -^ Q ia given by (j)^:fi(rn,q) = q4>pi{m)q^^ , the 
action of Q on <j)^{M) by '^{m,qi) ~ {m,qqi), and the canonical morphism 
(/>' : M ^ cj)^{M) by 0'(m) = (m, 1). 

The crossed module [(f)^,[M), Q, 0*/i), thus defined in Proposition 4, is called 
the induced crossed module of [M, P, /i) along (f). 

If : P — T' Q is an epimorphism the induced crossed module (^*(Af ), Q, (/)*/i) 
has a simpler description. 

Proposition 5 ( ,2J, Proposition 9) If cf) : P ~> Q is an epimorphism, and fi : 
M ^ P is a crossed module, then (j)i,[M) = M/[K,M], where K ^Kertp, and 
[K, M] denotes the subgroup of M generated by all ^mm~^ for all m G M, k € K. 



2 Two-Crossed Modules 

Conduche {Bj described the notion of a 2-crossed module as a model of connected 
homotopy 3- types. 

A 2-crossed module is a normal complex of groups L ^ M -^ P together 
with an action of P on all three groups and a mapping 

{-, -} : M X M ^ L 

which is often called the Pciffcr lifting such that the action of P on itself is by 
conjugation, 82 and di are P-equivariant. 



Induced Two-Crossed Modules 



PLl : d2{mQ,mi} = mominiQ^ (^^^'^"m^^^ 

PL2: {92^0,52/1} = [kJi] 

PL3 : {mo,mim2} — ™o™i™o {toq, 7712} {mo, mi} 

{momi,m2} = {mo, mim2m^^} (^1™° {mi, m2}) 

PL4: a){52;,m} ^ / ("Z"!) 

&){m,520 = ™/(^i™ri) 

PL5 : P{mo,mi} = {Pmo,Pmi} 
for all m, mo, mi, m,2 S Af, I, Iq, h G L and p £ P. Note that we have not specified 
that M acts on L. We could have done that as follows: ii m € M and I € L, 
define 

™? = /{a2/"\m}. 

From this equation (L,M, 92) becomes a crossed module. 

We denote such a 2-crossed module of groups hy {L, M, P,d2,di} . 
A morphism of 2-crossed modules is given by a diagram 



L- 



-^ Ni- 



di 



^p 



/2 



L' ■ 



-^ M' ■ 



fa 



82 di 

where fodi = d[fi , /ia2 = 93/2 

/i (Pm) = /o(p)/^ (,„) ^ /2 (P^) ^ /o(rt/2 (0 
and 

{-,-}(/lX/l)=/2{-,-} 

for all m e M,l £ L and p £ P. 

These compose in an obvious way giving a category which we will denote 
by X2Mod. There is, for a fixed group P, a subcategory X2Mod/P of X2Mod 
which has as objects those crossed modules with P as the "base", i.e., all 
{L, M, P, 82, di} for this fixed P, and having as morphism from {L, M, P, 82, di} 
to {L\M',P',d'2,d[} those (/2,/i,/o) in X2Mod in which /„ : P ^ P' is the 
identity homomorphism on P. 

Some remarks on Peiffer lifting of 2-crossed modules given by Porter in [5] 
are: 
Suppose we have a 2-crossed module 

L%M% P 



with extra condition that {m,,?7i'} = 1 for all m,m' £ M. The obvious thing to 
do is to see what each of the defining properties of a 2-crossed module give in 
this case. 

(i) There is an action of P on L and M and the 9s are P-equivariant. (This 
gives nothing new in our special case.) 
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(ii) {— , — } is a lifting of the PeifFer commutator so if {m, m'} = 1, the PeifFcr 
identity holds for (Af, P, 9i) , i.e. that is a crossed module; 

(iii) if /, /' e L, then 1 = {93/, d2l'} = [I, I'] , so L is Abehan 
and, 

(iv) as { — , — } is trivial ^i™^^i — l^^^ so dM has trivial action on L. 
Axioms PL3 and PL5 vanish. 

Examples of 2- Crossed Modules 

1. Let M — !> P be a pre-crossed module. Consider the Peiffer subgroup {M, M) C 
M, generated by the Peiffer commutators 

for all m,m' (z M. Then 

(M, M) %M%P 

is a 2-crossed module with the Peiffer lifting {m,m'} = {m,m'), |10j . 

2. Any crossed module gives a 2-crossed module. Given (M, P, d) is a crossed 
module, the resulting sequence 

L^M ^ P 

is a 2-crossed module by taking L = 1. This is functorial and XMod can be con- 
sidered to be a full category of X2Mod in this way. It is a reflective subcategory 
since there is a reflection functor obtained as follows: 

li L A- M ~\ P \s a, 2-crossed module, then Im92 is a normal subgroup of M 

M 

and there is an induced crossed module structure on di : > P, (c.f. [9]). 

Ima2 
Another way of encoding 3-types is using the noting of a crossed square by 

Guin-Walery and Loday, [8] . 

Definition 6 A crossed square is a commutative diagram of group morphisms 




a 
with action of P on every other group and a function h : M x N ^)- L such that 

(1) the maps f and u are P-equivariant and g, v, v o f and g o u are crossed 
modules, 

(2) foh{x,y) ^x3(yh-'^, uoh{x,y) ="(^) yy-\ 

(3) h{f{z),y) = zS^yh'^, h{x,u{z)) ==^(^) zz-i, 

(4) h{xx',y) =''(-) h{x',y)h{x,y), h{x,yy') = h{x,y)y'-y^h{x,y'), 

(5) hCx,'y)='h{x,y) 



Induced Two-Crossed Modules 



for X, x' e M, y,y' € N, z e L and t G P. 

It is a consequence of the definition that f : L -^ M and u : L -^ N are 
crossed modules where M and N act on L via their images in P. A crossed 
square can be seen as a crossed module in the category of crossed modules. 

Also, it can be considered as a complex of crossed modules of length one 
and thus, Conduche 0, gave a direct proof from crossed squares to 2-crossed 
modules. This construction is the following: 

Let 

/ 




g 

be a crossed square. Then seeing the horizontal morphisms as a complex of 
crossed modules, the mapping cone of this square is a 2-crossed module 

L^ M xi N % P, 

where d2{z) = {f{z)~^,u{zj) for z e L,di{x,y) — v{x)g{y) for aU x G M and 
y G N, and the Peiffer lifting is given by 

{(x, y), (x', y')} = h{x, yy'y^^). 

Of course, the construction of 2-crossed modules from crossed squares gives a 
generic family of examples. 

3 Fullback Two- Crossed Modules 

In this section we introduce the notion of a pullback 2-crossed module, which 
extends a pullback crossed module defined by Brown-Higgins, ^ . The impor- 
tance of the "pullback" is that it enables us to move from crossed Q-module to 
crossed P-module, when a morphism of groups ; P — > Q is given. 

Definition 7 Given a 2-crossed module {H, N,Q,d2,di} and a morphism of 
groups (j) : P ^ Q, the pullback 2-crossed module can be given by 

(i) a 2-crossed module 0* {H, N, Q, 82, di} = {(I)* (H) , (/)* (N) , P, d^,dl} 
(ii) given any morphism of 2-crossed modules 

{f2ji,cf>):{B2,B,,P,d'2,d[}^{H,N,Q,d2,di}, 

there is a unique {f2i fi^idp) 2-crossed module morphism that commutes the 
following diagram: 

(i?2,Pi,p,a;,a;) 

(fiJlMpX - " " 

^ - - (/2 Jl,0) 

^ - " " 

{r{H),r{N).P,d*2,dl) ■ ^{H,N,Q,d2,d^) 



or more simply as 
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Now, we will construct pullback 2-crossed module. Given are any 2-crossed 
module H -^ N A- Q and any group morphism (j> : P ^ Q. We can take 

B* Pi 

(j)* (N) — 7- P as pullback pre-crossed module oi N ~\ Q by (f> given in definition 

[TJ Then we will define 4>*{H) % 0*(7V), d^{h, {n,p)) = (92^,p) as pullback of 
di by (t>' : 0*(iV) -^ N where 

r{H) - {{h, (n,p)) I d2{h) = cj,'{n,p) = n>(p) = ai(n)} 
= {{h, (d2{h),p)) I 0(p) = ai(n) = 9i (52{/i)) = 1} 
^ H X]\j (Kerdi x Ker0) . 

Since pullback of a pullback is a pullback, we get pullback composition 

cj)* (H) % (j)* (N) % P 

of 8182 — 1 by 0. On the other hand, we can construct directly the pullback 
of 8182 — 1 by (I)as8: B^-P where B — {{h,p) \ (j){p) — 1} ^ H x ker 0. 
We can define the isomorphism ^I* : <j>*{H) — > B, ^ (a;) — {h,p) where x = 

ih,id2ih),p))er{H).soriH) = B. 

We find that the pullback composition 4)*{H) -^ 4>*{N) -\ P \s not normal 
complex of groups unless </) is a monomorphism. To see this, note that for 
(h,p) G HxKeKJ), 

8l8*2{h,p)^8l{82h,p)^p. 

This last expression is equal to 1 if is a monomorphism. So (p* (H) = H. Thus, 
if (/) is a monomorphism, then we may consider {(l)*{H),(j)*{N),P,82,8l} as a 
2-crossed module with the following Peiffer lifting 



{-,-}: r{N)x<j>*{N) 



H 
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given by {{n,p) ,{n' ,p')} == {n,n'}. 

Proposition 8 If H % N % ■ 
monomorphism of groups then 



Proposition 8 If H ^ N -^ Q is a 2-crossed module and if (p : P ^ Q is a 



H%(j>*{N)^P 

is a pullhack 2-crossed module where ^2 (^) = (^(/i), 1); dl{n,p) — p, the action 
ofP on 4)* (N) and H by P{n,p') = {'^''^P^n^pp'p-^) and ^h ^-^^p' h respectively. 

Proof. 9| is P-cquivariant with the aetion P{n,p') — (^^P^n,pp'p~^) . 

= {'^^P^d2{h),plp-^) 
= (52^,1) 

= dii'^h) 
It is clear that d^ is P-equi variant. The Peiffer hfting 

{-,~}:r{N)x(f>*{N)^H 

is given by {{n,p) , {n' ,p')} — {n, n'}. 
PLl: 

{n,p) {n',p') {n,py^ (oiin^p) i^n',p'y^] 

= {n,p) , {n' ,p') (n^^ ,p^^) (n'^^,p'^^) 

= {n,p) , {n',p') {n-\p-^) {'t>'-P^n''\pp'-^p-'^) 

= \nn'n-'^,pp'p-'^) (^i(")n'-\pp'-ip"i) 

= (^nn'n^^ (^^("^ri'^-'^) ,pp'p^^pp'^^p^^^ 

= (nn'n-i (Si(")n'-i),l) 

= (a2{n,n'},l) 

= dl{n,n'} 

= d*A{n,p)An',p')}- 
PL2: 

{diKdih'} = {{d2Ki),{d2h',i)} 

= {d2h,d2h'] 

= %h']. 

The rest of axioms of 2-crossed module is given in appendix. 

(ii) 
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or diagranimatically, 




is a morphism of 2-crossed modules. ( See appendix. ) 
Suppose that 

{f2ji,<P) : {B2,B,,P,d'^,d[} ^ {H,N,Q,d2,di} 

is any 2-crosscd modules morphism 



B2 ^^ Bi ^^^ P 



/i 



H 



-^N- 



Then we will show that there is a unique 2-crosscd modules morphism 



9, di 

B2 -^ Bi ^ P 



/2 



/r 



idp 



H—^riN)—^P 

02 Oj 

where /2(&2) — 72(^2) and /i(6i) — {fi{bi),d[{bi)) which is an element in 
(j)*{N). First let us check that (/li/ij^c^p) is a 2-crossed modules morphism. 
For &i,6i G Bi,b2 eB2,pe P 

^dAp)J*{b^) = P.f2{h2) 

= *(pV2(&2) 

= /2(P&2) 

= /2*(^^2). 
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Similarly ^dp(p) j* j^^^^ _ j* (pIj^'j ^ also above diagram is commutative and 

{-,-}(/rx/r)(6i,&i) = {-,-}(/r(&i),/r(&i)) 

- {-,-}{ih{h),d[{h)),{h{b[),d[{b[)) 

- {.fi{bi)Ji{b[)} 

= {-,-}(/ix/i)(6i,&i) 

= f2{-,-}{hX) 

= f2{bub[} 

= fnbiX} 

= fi{-,-}(bub[). 
Furthermore; the verification of the following equations are immediate. 
idHf2=h and 4)' Jl = Ji- 



Thus we get a functor 

(j)*: XaMod/g -^ XzMod/P 
which gives our pullback 2-crossed module. 

3.1 Example of Pullback Two-Crossed Modules 

Given 2-crossed module {{1} , G, Q, 1, i\ where i is an inclusion of a normal 
subgroup and a morphism : P — > Q of groups. The pullback 2-crossed module 

r{{i},G,Q,i,z} = {{i},0*(G),p,a2*,aa 

= [{l},f\G),P,d*,,dt} 

as, 

r{G) = {(.9,p)|</'(p)=*(.g),.geG,peP} 
- {p G P U(p) - .g} = r HG) < P. 

The pullback diagram is 



{1} 



{1} 



9* = 1 



0-1 (G) ^G 



P- 



Particularly if G = {1}, then 

</.*({l}) = {p e P I (/-(p) = 1} = ker^ = {1} 
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and so {{1}, {1}, P, S^, d^} is a pullback 2-crossed module. 

Also if (f) is an isomorphism and G = Q, then (j)*{Q) = Q x P. 

Similarly when we consider examples given in Section 1, the following dia- 
grams are pullbacks. 



{1} 

a* 

riQ) 

d' 



^-<P)^:^AutiQ) 



{1} 



Q 




4 Induced Two-Crossed Modules 

In this section we introduce the notion of an induced 2-crossed module. The 
concept of induced is given for crossed modules by Brown-Higgins in [2\. We 
will extend it to induced 2-crossed modules. 

Definition 9 For any 2-crossed module L -4- M -^ P and group morphism 
(/) : P — 5- Q, the induced 2-crossed module can be given by 

(i) a 2-crossed module cj)^ {L, M, P, 82, di} = {0* (L) , <^* (M) , Q, 82, di} 
(ii) given any morphism of 2-crossed modules 

{f2ji,^) ■■ {L,M,P,d2,di} ^ {B2,B,,Q,8'^,8[} 

then there is a unique (/2*, fi*,idQ) 2-crossed modules morphism that commutes 
the following diagram: 



{L,M,P,d2,8i 
{B2,Bi,Q,82,8,) 



(0 ,0 ,0) 




(f2,Jl,MQ) 



iL),MM),Q,d2„8i,) 
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or more simply as 




The following result is an extention of Proposition 4 given by Brown- Higgins 
in [2]. 

Proposition 10 Let L ^ M -^ P be a 2-crossed module and (p : P ^ Q be 

a morphism of groups. Then 0, (L) — ? (/)» (Af ) -J Q is the induced 2-crossed 

module where </)* (M) is generated as a group, by the set M x Q with defining 

relations 

{m, q) {m' , q) = {mm' , q) 

{Pm,q) — {m,q(j){p)) 
and (/), (L) is generated as a group, by the set L x Q with defining relations 

{l,q){l',q) = {ll',q) 
{n,q)^{l,qct>{p)) 

for all Z, V G L, m, m' , m" e M and q, q' , q" G Q. The morphism 82* '■ <j)* (L) — > 
(j)* (M) is given by 82* {I, q) — (821, q) the action of 0* (M) on </)* (L) by 
(m,q) (j^ q^ _ (-m^^ q^ ^ ^^^ ^^g morphism 9i* : 0* (M) -^ Q is given by 5i* (to, q) = 
q(j) (9i(to.)) q~^, the action of Q on </)* (M) and 0* (L) respectively by "^ (to,, q') = 
{m,qq') and '^ {l,q') — {l,qq'). 

Proof. As dud2, (/, q) = du (^2^, q) = q<t> (81821) q-^ = q^ (1) q'^ = 1, 

^,{L)% ^,{M)% Q 
is a complex of groups. The Peiffer lifting 

{-, -} : 0, (M) X 0, (M) ^ 0, (L) 
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is given by {(to, q), (m', q)} = ({m, m'} , q) . 
PLl: 

(TO,g)(m',g)(m,g)"^ f^i-("'«)(m',g)"^') = ( 



mm 



m^-'^jq) I TO,' ,q(f>di{m)q^^q 

m,^^,qj [m'^^ , q(f)di{m)j 

m-^,q) f^i(™)TO'"\g') 

m-i (^i(™'TO'-i),q) 
^2 {m, m'} ,q) 
82, {{m,m'},q) 
d2*{{m,q),{m',q)}. 



mm' 
mm,' 
mm' 
mm' 



PL2" 

{d2Al,q),d2Al',q)} = {id2l,q),{d2l\q)} 
= {{821,821'}, q) 

= {ii'rH'-\q) 

= {l,q)(l',q){l-\q){l'-\q) 
= {l,q){l',q){l,q)-'{l',qr' 

= [{i,q)Ai',q)]- . 

The rest of axioms of 2-crossed module is given in appendix. 

(ii) 

{cl>",cf>',cf>):{L,M,P,82,8i}^{cf>AL),^AM),Q,82,,8u} 
or diagrammatically, 

L ^ML) 



92 



M' 



d2, 

■MM) 



P- 



is a morphism of 2-crosscd modules. (See appendix.) 
Suppose that 

{f2,h.<P) ■■ {L,M,P,82,8A ^ {B2,B^,Q,8'2,8[} 

is any 2-crossed modules morphism. Then we will show that there is a 2-crossed 
modules morphism 

{h,Ju.idQ) : {^*{L) ,<i>AM) ,Q,82„8u} ^ {B2,B^,Q,8'2,8[} 

ML) ^^ MM) ^^^^ Q 



/2. 



B2 



fl, 

^Bi 
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First we will check that (/2., /i.,«c?q) is a 2-crossed modules morphism. We 
can see this easily as follows: 

= n/2. (/,?')) • 

Similarly /i. (« (m,g')) = ''/i. ("^,9') , 

(/i.a2*)(/,g) = .fiAd2l,q) 

= Hh{d2i)) 

- "((9^/2) (0) 

= a^(n/20) 

= d'Af2*il,q)) 
= {dif2*){l,q) 

and 9i/i* = idqdi,^ for (m, g) G 0,(M), {l,q) e <l)^{L),q e Q and 

/2*{-,-} = {-,-}(/uX/iJ. 



Next if (/) : P — > Q is an epimorphism, the induced 2-crossed module has a 
simpler description. 

Proposition 11 Let L ^ M ^ P is a 2-crossed module, cf) : P ^ Q is an 
epimorphism with Ker(f>=K . Then 

ML) =L/[K,L] and4>^{M) = M/[K,M], 

where [K, L] denotes the subgroup of L generated by {'^ll^^ \ k E K,l E L} and 
[K,M] denotes the subgroup of M generated by {rnm^^ \ k E K,m E M}. 

Proof. As (p : P — > Q is an epimorphism, Q = P/K. Since Q acts on 
L/[K, L] and M/[K, M], K acts trivially on L/[K, L] and M/[K, M],Q^ P/K 
acts on L/[K,L] by '^{l[K,L]) = 'p'^{1[K,L\) = {n)[K,L] and M/[K,M] by 
'i{m[K, M]) = P^{m[K, M]) = (Pm) [K, M] respectively. 

L/[K,L]^-^ M/[K,M]% Q 

is a 2-crossed module where a2*G[^,i]) = d2il)[K,M],di4m[K,M]) = di{m)K, 
the action of M/[K, M] on L/[K, L] by "[^'^1 {l[K, L]) = {""l) [K, L\. As 

dud2MK.L\) = du {d2,{l[K,L])) = du{d2 (0 [K,L\) - ^i (^2 {I)) K = IK ^ Ig, 
L/[K,L] ^* M/[K,M] ^ g is a complex of groups. 
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The Peiffer lifting 

M/[K, M] X M/[K, M] -^ L/[K, L] 

given by {m[K, M],m'[K, M]} = {m, m'} [K, L]. 
PLl: 

d2,{m[K,M],m'[K,M]} = d2Am,m'}[K,L] 

^ {d2{Tn,Tn'})[K,M] 



— {mm'm ^ ("i™m' ^ 



[K,M] 



m[M,K]m'[K,M]m-'^[K,M] (^i"m'-i) [K,M] 



[K,M] ('^i™m'-i) [K,M] 



m [K, M] ml \K, M\m-\K,M\ (^i mK) ^^- 1 yj^^ ^j 



PL2: 

{92. (;[x,i]),a2.(r[x,L])} 



= {a2(0,a2(r)}[if,L] 

— (ll'l-^l'-^) \K L] 

= {l[K,L]){V[K,L]) {l-\K,L]) {l'-\K,L]) 

= {l[K, L]) {l'[K, L]) {l[K, L])-i {V[K, L])-^ 

= [;[X,i],/'[if,L]]. 

The rest of axioms of 2-crossed module is given in appendix. 

(0", </>',</)) : {L,M,P,d2,di} -^ {Ll[K,L\,Ml[K,MlQ,d2.,du} 

or diagrammatically, 



I 

M-^M/[K,M] 



di 



P- 



di. 



is a morphism of 2-crosscd modules. 
Suppose that 

if2ji,4>):{L,M,P,d2,di}^{B2,B,,Q,d'2,d[} 

is any 2-crossed modules morphism. Then we will show that there is a unique 
2-crossed modules morphism 



(,/2*,./u,*dQ) : {L/[K,L],M/[K,MlQ,d2..,du} -^ {B2, Bi,Q,d'^,d[} 
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L/[K, L] -^^ M/[K, M] -^ Q 



f2. 



B. 



fi. 
-Si 



idQ 



Q 



82 di 

where f2*{l[K,L]) = /aCO and fi4m[K,M]) = /i(to). Since 



\f2{l)h{ir^ - iB. 



/2([-?i', i]) = 1^2 ^-i^cl similarly /i([iir, M]) = 1_Bi, thus /2* and /i* are well 
defined. 

First let us check that (/2*, /i., ^c^q) is a 2-crossed modules morphism. For 
l[K,L] e L/[K,L],m[ii:,M] £ M/[K,M] and g e Q, 

= /2(^0 

Similarly A^ («(m[i^,M])) = «/i.(TO[ii', M]), 

/i.a2,(ni^,L]) =/i.(a2(0[if,M]) 

= /i (92 (0) 
= a^(/2(0) 
= 9^/2. a[i^,L]) 

and d'lfi^ — idqdi^ and 

/2J-, -} (™[if, M], m'[i^, M]) = /2jTO[if, M], m'[i^, M]} 

= /2. ({m,m'}[X,L]) 
= f2{m,m'} 
= /2{-,-}(TO,m') 
= {-,-}(/! x/i) Km') 
= {/i(m),/i(m')} 
= {/i.(TO[if,A/f]),/i.(m'[i^,M])} 
= {-,-}(/!. x/iJ(TO[if,M],m'[i^,M]). 

So (f2*, fitT^dq) is a morphism of 2-crossed modules. Furthermore; following 
equations are verified: 

f2*(f>" = /2 and /i»0' = /i. 

So given any morphism of 2-crossed modules 

{f2ji,<P) : {L,M,P,d2,di} ^ {B2,Bi,Q,d'2,d[}, 
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then there is a unique (/2*, /i, , idq) 2-crossed modules morphism that commutes 
the following diagram: 



{L,M,P,d2,di) 

{hJu; 




iB2,B^,Q,d„d,) - - - - .- - [L/ [K, L] , M/ [K, M],Q, 82, ,8,,) 

W2* :/l* -^^Q ) 

or more simply as 




Corollary 12 Let be any 2-crossed module L ^ M -^ P and (j) : P ^ Q 
morphism of groups. Let (f)^,{M) be induced pre-crossed module of M -^ P with 

(j) and (j)i,{L) be induced crossed module of L ^ M with (j)' : M — > (/)*(M). 
Then {(j)^:{L),(j)<f{M)^Q, 82,81} is isomorphic to induced 2-crossed module of 

L%M% P with <h. 



Proposition 13 If (f> : P —> Q is an injection and L -^ M -^ P is a 2-crossed 
module, let T be a left transversal of (j){P) in H, and let B be the free product of 
groups Lt {t G T) each isomorphic with L by an isomorphism I 1-^ It (l €z L) and 
C be the free product of groups Mt (t € T) each isomorphic with by M by an 
isomorphism m 1— >■ mt {m G M) . Let q G Q act on B by the rule * (It) = (^Ou 
and similarly q E Q act on C by the rule '' {mt) — {^rn)^, where p £ P,u E T , 
and qt ~ u(j){p). Let 



7: B ^C 

It ^ 82 {l)t 



and S : C ^f Q 

rat >-> t {(pdim) t^^ 
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and the action of C on B by (™*) {k) = ('"/)( . Then 

(j)^ (L) = B and </)* [M) = C 

and the Peiffer lifting C x C ^ B is given by {mt,m'^} = {m,m'}^ . 

Remark 14 Since any (j) : P ^ Q is the composite of a surjection and an 
injection, an alternative description of the general (p^ (L) — > </)* (M) -^ Q can 
be obtained by a combination of the two constructions of Proposition \11\ and 
Proposition \13[ 

Now consider an arbitrary push-out square 

{Lo, Mo, Po, d2, di} ^ {Li, A/i, Pi, 32, 5i} (1) 



{L2,M2,P2,d2,di} ^{L,M,P,d2,di} 

of 2-crossed modules. In order to describe {L, M,P, 82,81}, we first note that 
P is the push-out of the group morphisms Pi <— Pq ^ P2 . (This is because the 
functor 

{L,M,P,d2,di}^{M/^,P,di) 

from 2-crossed modules to crossed modules has a right adjoint {N, P, d) H> 
{1, A^, P, 1, 9} and the forgetful functor (M/ ^,P,di) t-^ P) from crossed module 
to group where ^ is the normal closure in M of the elements (^"'rn') mm'^^m~^ 
for m,m' G M has a right adjoint P M> (P, P, Id).) The morphisms 0^ : 
Pi ^ P [i — 0,1,2) in (1) can be used to form induced 2-crossed Q-modules 
Bi = {(i)i)^Li and Ci = {(t)i)^Mi. Clearly {L,M,P, 82,81} is the push-out in 
X2Mod/P of the resulting P-morphisms 

(Pi ^ Ci ^ P) ^ (Po ^ Co ^ P) ^ (P2 -^C2^P) 

can be described as follows. 

Proposition 15 Let {Bi -^ Ci ^ P) be a 2-crossed P-module for i — 0,1,2 
and let {L — >■ M — > P) be the push-out in X2Mod/P of P-morphisms 



(Pi ^ Ci ^ P) i^^ (Po ^ Co ^ P) ^^^ (P2 ^ C2 ^ P) 

Let (P — )■ M) be the push-out of (cki,/3i) and (02, /32) in XMod, equipped with 
the induced morphism B ^ C —> P , the lifting 

{-,-}:CxC^B 
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and the induced action of P on B and C. Then L = B/S, where S is the normal 
closure in B of the elements 

{fi{b),f,{b')}[b,br' 

{c,c'c"}{c,c'}-^ (-'="' {c,c"})"' 

{cc', c"} (''t^) {c', c"})"' {c, c'c"c'-^}~^ 

{fi{b),c}{%-Y'b-' 
{c,ti{b)}C^(^)b-Y\'b)-' 

P{c,c'}{PcPc'}-' 
and M =^ C / R, where R is the normal closure in C of the elements 

fi{c,C \ \ ^ 'c I cc c 

for b, y e B, c, c', c" e C and p e P. 

In the case when {L2, M2, P2, 82, di} is the trivial 2-crossed module {1, 1, 1, id, id} 
the push-out {L, M, P, 82, di} in (*) is the cokernel of the morphism 

{Lo,Mo,Po,d2,di} ^ {Li,Ah,Pud2,di} 

Cokernels can be described as follows. 

Proposition 16 Q/ P is the push-out of the group morphisms 1 -s— P — >■ Q. 
Let {A^,G^,Q/P, 82,81} be the induced from {A, G, P, 82, 81} byP^Q/P. If 
{l,l,Q/P,id,8i] and 

{B/[P,B],H/[P,H],Q/P, 82,81} 

are the induced from {1, 1,1, id, id} and {B,H,Q, 82,81} by 1 ^ Q/P and the 
epimorphism Q — > Q/P then the cokernel of a morphism 

{P,X,(t)) : {A,G,P,d2, 81} ^ {B,H,Q, 82,81} 

is {coker {/3*, X^,) ,Q/P,82,8i} where (/3*,A*) is a morphism of 

{A,,G,)^{B/[P,B],H/[P,H]). 

5 Appendix 

The proof of proposition [8] 

PL3: a) ("'")("' ■p')(".J')-^ {(n,p) , (n",p")} {(",p) , K,p')} 
= (""'" '^PP'P '){n,7i"}{n,n'} 
= ""'""' {n,n"}{n,n'} 
= {n,n'n"} 

= {{n,p),{n'n",pY)} 

= {{n,p),{n',p'){n",p")}. 
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b) {{n,p) , {n',p') {n",p") {n',pr'} (^^*^"^^^ {{n',p') , {n",p")}) 

= {{n,p) , {n'n"n'~\p'p"p'-')V {{n',p') , {n",p")} 
= {n,n'n"n'-^Y{n',n"} 

= {n,n'n"n'~^}'^^''^ {n',n"} 

= \n,nnn | {ri,ri j 

— \ flfl fl r 

= {(nn>y),K,p")} 

= {(n,p)(n',p'),(n",p")}- 
PL4: 

{5|/i,(n,p)}{(n,p),a|M = {(a2/i,l),(n,p)}{(n,p), (92/1,1)} 

= {d2h,n}{n,d2h} 

= h 3i(")/i-i 

= /i -^W/i-i 

== /iP/i-i 

= h d'ii'hP)h-\ 

PL5: 

{p"(n,p)/'K,p')} = U<''"^n,p"p{p"y') (*(^")n',pV(y')"')} 

= P"{n,n'} 

= P"{{n,p)An\p')} . 

i) idH{Ph) = Ph and (j)' {Pn,p') = (f)' {'f'^P'>n,pp'p-^) 

= 'f'^Phdnih) = '^(P)0'(n,p'). 

ii) 0'(a2*/i) = 0' (92/1,1) and ^i (</>' (n,p')) = di{n) 

= 02 (h) = 0(y) 

= d2{idHh) = 0(91* (n,y)). 

{-,-}(0'x0')((",P),("',y)) = {-,-}(0'(n,p),0'(n',p')) 

= {-,-}(","') 

= {n,n'} 

= id//({n, n'}) 

= id//({(n,p),(n',p')}) 

= idH{-',~}{{n,p),{n',p')). 



mm m 
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The proof of proposition llOt 
PL3: 

a) {{m,q),im',q){m",q)} 
= {("^,g),(m'm",g)} 

= {{m, m'm"} , q) 

{ni, m"} {m, m'} , q ) 

{m,m"},qj {{m,m'},q) 

{mm'm-\q) (|^^ ^„| ^ ^^ (|^^ ^,| ^ ^^ 

= (™.«)K^«)("'9)-^ {(m, g) , (m", q)} {(m, q) , (m', q)} . 

b) {{■m,q){in',q),{m",q)} 
= {{■mm',q),{m",q)} 

= {{mm'jin"} ,q) 

ft I II l-l^ 9i{m) f , in \ 

= I |m, m m m | {m \m \ ,q\ 

[to, m'm"m'~^\ , q) ({to,', m"} , q(f>di{m)) 
[to,, m'm"m'~^\ , q) ({to,', to,"} , q(j)di{m)q^^q^ 
[to,, m'm"m'^^^ , q) ({to,', tti"} , 9i, (tti, q)^) 

= y\ra,raram / , <zj (|to, to, |,(7J 

= \{m-,Q),{TTi''.,q){m",q){m',q) j {(to', g) , (to", q)} . 

PL4: 

a) {^2. (^g),(TO,<7)} = {((92^<?),(to,<?)} 
= {{d2l,m},q) 

= (/"ri.g) 

= (/,g)(™/'i,(7) 
= {l,qf^'^\l,qy\ 
h) {(TO,q),a2. (^,(7)} = {(to, g), (92^,(7)} 

= ({TO,a20,«) 

= (™?,(7)(^i(™)ri,g) 

- (™?,q) (/-1, 9031 (to)) 

= (™?,(7) (/-i,#ai(TO)g-ig) 

= (™/,g) {l-\di,{m,q)q) 

= (™?,g)^-(-.«)(ri,q) 

= ('">«)(?,q)^^-("'«)(/,g)-\ 



PL5: 



«'{(to,(?),(to',(7)} = '?'({TO,TO'},g) 

= ({to,to'},(7'(7) 

== {(TO,q'(7),(TO',q'(7)} 

= {9'(TO,g),9'(TO',q)} 
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(l)"{Pl) = {PI, I) and (t)'{Pm) = (^m, 1) 

= (imp)) = Kl0(p)) 

= {h4>{pn) = (™,0(p)l) 

= -^^(^,1) ^ '^(P)(m,l) 

= '^(P)0"(Z) = '^(p),/.'(m). 

92, ('/'"(O) = 52, a, 1) and 9u (0' (m)) = ^i. (m, 1) 

= (^2^,1) = l</)(ai(m))l-i 

= '/''(^aO = 0(ai(m)). 
The proof of proposition lilt 

PL3" 

a) ' {ni[K,M],m'[K,M]m"[K,M]} 

= {m[K,M],{Tn'Tn")[K,M]} 
= {m,m'm"}[K,L] 

= r™"'™"' {m, m"}{TO, to'}] [K, L] 

= C"™'""' {to, to"}) [iC, L] ({m, m'}) [i^, i] 

= ("™''"~'[^'*^l)({TO,TO"}[K,L])({m,m'})[ii:,L] 

= ('"'"''"- Mif,M]) {^[i^^M],TO"[K,M]}{TO[ii',M],m'[K,M]} 

^ {m[K,M]m'lKM]{m[K,M]r') {^[^^ M] , to" [iiT, Af ] } {to[K, M], m' [K , M]} . 

h) {m[K, M] m' [K, M] , to" [K, M] } 

= {{mm')[K,M],Tn"[K,M]} 

= {mm',m"}[K,L] 

= {{m,m'm"m'-^} ^^'-"'^ {m\m"}) [K,L] 

= ({TO,TO'TO"m'^i} [K,L]) (^i('") {m',m"} [K,L]) 

= {m[K, M], {m'm"m'-^) [K, M]} (^i^™) {to', m"} [iC, L]) 

= |m[i^,M],TO'[ii:,Af]TO"[if,M](m'[X,M])~^| {^^(""^m' ,m"}[K,L]) 

= |m[X,M],TO'[is:,Af]TO"[is:,A'f](m'[i^,Af]) U ({to', to"} [if, L]) 

= \m[K,M],m'[K,M]m"[K,M]{m'[K,M]) \ {{m' ,m"][K,L\ 

PL4: 



a) {d2.{l[K,L])MK,M]] - {a2(0[i^,M]),TO[ir,Af]} 

= {^2 (0 , m} [if , L] 

= {l"^l-^)[K,L] 

= l[K,L]{"^l-^[K,L]) 
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b) {m[K,M],d2,il[K,L])} - {m[K,M],d2il)[K,M])} 

- {m,d2il)}[K,L] 

= ("'0[-f^,i] (^1 (")/-!) [K,L] 

^ m[KM] (^^^ 2.]) ai.(™[^.M]) (^^^ ^ 

PL5: 

«{m[i\:,M],TO'[if,M]} = P^{m[i\:,M],TO'[X,M]} 

= P^({TO,TO'}[is:,L]) 

== (P{m,m'})[ii',L] 

== {PmPm'}[K,L] 

^ { (Pm) [K, M] , {Pm') [K, M] } 

= {P'^ {m[K,M])P^ {m'[K,M])} 

= {«(TO[if,M]),«(m'[X,M])}. 
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